



Topology and its Applications 67 (1995) 53-61 
APPLICATIONS 
On quotients of real algebraic surfaces in CP3 
Shuguang Wang * 
Department c?f Mathematics, University of Missouri, Columbia, MO 6521 I, USA 
Received 5 August 1994; revised 1 I January 1995 
Abstract 
We give explicitly the surgeries governing the changes of quotient manifolds of real algebraic 
surfaces in CP3. We also make a number of general observations regarding quotients of complex 
surfaces under antiholomorphic involutions. 
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1. Introduction 
A real algebraic surface in CP’ is by definition a set of the form F-’ (0) c CP’, 
where F(zo, ~1, x2, x3) is a homogeneous polynomial with real coefficients. Complex 
conjugation of the variables induces an antiholomorphic involution on real algebraic 
surfaces; the quotients F-’ (O)/ con are the subject of this paper. j
Fixing the degree d, real algebraic surfaces are parametrized by RPN, where N de- 
pends on d. The singular surfaces comprise a hypersurface in RPN, defined by the 
zero locus of the discriminant. Nonsingular real algebraic surfaces consequently form a 
disconnected subset of RPN, and their quotients will generally differ on different com- 
ponents. In contrast, the surfaces F-’ (0) themselves have a fixed diffeomorphism type. 
The main results in this paper describe surgeries that relate the quotients on the different 
components. Closely related is the classification of the real part F-’ (0) n RP’, which is 
unknown for deg F > 4, despite the vintage work of Hilbert and the contemporary work 
of several Russian mathematicians. 
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Donaldson [4] asked more generally whether quotients of Kahler surfaces under anti- 
holomorphic involutions can lead to new 4-dimensional manifolds. Attempting to answer 
this question by gauge-theoretic techniques was one of the motivations of the work [ 141. 
This short paper is organized as follows: in Section 2 we describe explicitly all the 
quotients F-‘(O)/ con w j h en the degree deg F < 4. For higher degree, we give the 
surgeries on the quotients when a nonsingular real algebraic surface is deformed to 
another one acrossing a singular surface with a double point. Then in Section 3, we 
indicate several analogous ways of constructing smooth 4-manifolds. We also prove that 
in general, these manifolds do not admit compatible Kahler structures, which explains 
why they are interesting to study. 
2. Quotients and surgery 
We first identify explicitly all quotients F-’ (O)/conj when deg F < 4. If deg F = 1 
then (F-‘(O), conj) ” (CP2, conj); thus the only quotient F-‘(O)/conj is diffeomorphic 
to CP2/ conj &’ S4 by [lo] or [8]. For deg F = 2, it is straightforward to verify that there 
are three diffeomorphic types for the quotients: S4, e2 and S2 x S2/(x, y) N (z’, y’), 
where 5’ is the antipode of x. For deg F = 3, one can use the classification of real Del 
Pezzo surfaces to conclude that the quotient F-‘(O)/conj is diffeomorphic to either S4 
or me2 for 1 < m < 4. Details are given in [ 131. 
The case deg F = 4 requires more modern techniques. 
Proposition 1. For a nonsingular degree four polynomial F(xo,x~,x~, x3) with real 
coeflcients, the quotient F-’ (O)/ conj of F-’ (0) C CP3 is diffeomorphic to either an 
Enriques surface, S2 x S2, or CP2#crm2 with 0 < Q < 19. All possibilities are realized. 
Proof. It is observed in Donaldson [4] that the quotient of a K3 surface X under any 
antiholomorphic involution (T is always diffeomorphic to a rational or Enriques surface. 
Briefly the proof goes like this: S.-T. Yau’s solution to the Calabi conjecture yields a hyper 
Kahler structure I, J, K on X, with respect to one of which g becomes holomorphic. 
Hence the quotient X/a has an induced complex structure. A use of Castelnuovo’s criteria 
implies that if cr is not free, then X/a must be a rational surface, thus diffeomorphic 
to either S2 x S2, or CP2 # KP2 for some o. (Indeed, since X/a is easily seen to be 
simply connected, its irregularity q = 0. To see the second plurigenus P2 = 0, notice that 
the square of the canonical bundle is isomorphic to a bundle corresponding to a negative 
divisor by the proof of the assertion below.) If the involution is free, the quotient is of 
course diffeomorphic to an Enriques surface. 
We can certainly apply this observation to X = F-’ (0), since F-* (0) is a K3 surface. 
To see precisely which o’s are realized in the quotients, we only need to find all the pos- 
sible values of the Betti number b2 of the quotients, and in the case b2 = 2, also whether 
the quotient is spin or not (giving quotients S2 x S2 or CP2#a2). For clarification, let 
C = X n RP3 and Y = X/conj. Notice that X -+ Y is a double cover branched over Z, 
the Euler characteristic satisfies x(X) = 2x(Y) - x(C), so b,(Y) = ix(C) + 10. From 
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Kharlamov’s classification of C in Silhol [ 11, p. 1891, we have - 18 < X(C) < 20; 
thus 1 < b,(Y) < 20. This in turn yields that Y is diffeomorphic to CP2 # cym2 with 
0 < o < 19, ai # 1, and possibly S2 x S2 or CP2 # CP2 when b2(Y) = 2. The last two 
possible quotients correspond to F’s with real parts C = TAO u S2 and C = Ts in Silhol 
[ 11, p. 1891, where T, denotes a genus n. surface. Thus the proof is completed by the 
following claim: 
Assertion. For all real degree 4 polynomials F such that C = TAO u S2, the quotients 
Y are always S2 x S2. For F with C = T9, both S2 x S2 and CP2 # e2 appear as 
quotients. 
Proof of Assertion. First we show that the [C] = 0 or # 0 in H2(X, Z2) determines 
that the quotient is S2 x S2 or CP2 # cp 2. From Donaldson’s observation cited above, 
we can view conj as a holomorphic involution on X if we change the complex structure 
on X. (We are only concerned with diffeomorphism types of the quotient Y here.) 
So Y inherits a complex structure. Let L be a holomorphic line bundle on Y with 
L @ L corresponding to the divisor C c Y. Then the holomorphic branched covering 
p : X + Y yields Kx = p* (KY @ L), where K X, KY are canonical bundles. But X is 
K3: KX = 1, and p* is injective. So L = KG’, namely PD[C] = 2ct(Y) on Y. Now, if 
[C] = 0 E H2(X, Z2) then there is a double covering of X branched over C, therefore 
a four-fold covering of Y over C. Thus 4 1 PD[C] on Y, so 4 1 2ct(Y), which forces 
Y = S2 x S2. If, on the other hand, [C] # 0 E H2(X, Z2), then ct (Y) is not divisible 
by 4 and Y has to be CP2#CP2. Then from Viro [ 121, C = TAO JJ S2 is always realized 
by F with [C] = 0 E Hz(X,Zz); h ence the corresponding Y is always S2 x S2. For 
.E = Tg, Viro claims that it can be realized by F with both [C] = 0 and [C] # 0. 
Therefore the quotients are S2 x S2 and CP2 # cp2 respectively. This completes the 
proof of the assertion and so the proposition. 0 
The discussions so far have relied on the classification of the real part F-’ (0) n RP”, 
which is available only for deg F < 4. For deg F > 4, no such explicit description 
of the quotients is possible. But we can still examine the surgeries relating different 
quotients. We start with a variant of Morse’s lemma. Suppose f : U --+ C, f(0) = 0, is 
a holomorphic function defined in a neighborhood U of the origin in C”. f is called 
c-equivariant if f(z) = f(5). 
Lemma 2. If a c-equivariant function f has only one critical point 0 E U which is also 
nondegenerate, then there is a c-equivariant holomorphic coordinate transformation, in 
a possibly smaller neighborhood than U, such that f = ~1 y/: + ~2~22 + . . + e,yi under 
the new coordinates, where &i = 311. 
Proof. The only difference from the nonequivariant case is in the induction step. Suppose 
by induction that there is a c-equivariant coordinate transformation such that 
f=&tU:+&&+... + E,-I&, + c zliQfij(7L1,~. . ,Un), 
if>r 
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in which (Hij(~)) is a symmetric matrix, c-equivariant in ‘1~. We may as well as- 
sume E&(O) # 0, which is then a real number by the c-equivariance. Let E? = 
I~TT(O)I/&T(O) (= *1>. S’ mce cTHTT(~) > 0 for u E R, it is possible to choose a c- 
equivariant holomorphic branch g(u) of ,,/‘m. We introduce the new c-equivariant 
coordinates WI, . . . , v, by 
vi = ui for i # r, and 
%(tQ,... , u,) = g(u) 21 + [ T c 1LiH,,(u)/H,&)] > 
i>r 
with which it is easy to verify that f can be expressed as 
f = c (E&) + c v&J;&, . . . ,v,) 
i<r i,j>r 
where H&(V) is c-equivariant in w. 0 
Any family of real polynomials Ft with the same degree can be perturbed so that 
only double (singular) points occur in the singular surfaces. Therefore it is sufficient to 
consider a family of real algebraic surfaces in which the only singular surface has one 
double point. More specifically, consider a family of degree d surfaces in CP3, 
parameterized by t within a neighborhood of 0 E C. Suppose F(t; z) is c-equivariant 
with respect to (t; z), so we have a family of real algebraic surfaces parameterized by 
real t. Denote the zero locus of F(t;x) by X,, and when t is real, denote the quotient 
Xtjconj by Y,. 
Suppose that for any fixed t # 0 the surface F(t; x) is nonsingular everywhere, and 
that F(0; z) has only one double point a = [l, O,O, 0] E CP’. If moreover aF(t; x)/at 
is nonzero at (0; a), so that the equation F(t; XT) = 0 can be solved locally around (0, u) 
by t = f(x). Then using the affine coordinates of CP3, Lemma 2 implies that there is 
a c-equivariant holomorphic coordinate transformation such that f = -y: + yz + yz or 
yf + y/22 + yg. For convenience, we say that a is a standard or nonstandard double point of 
F(0; x) corresponding to these two forms of f. Thus when the real t # 0 switches signs, 
for standard double point, the genus of the real part X, n RP3 is changed by one (or 
two if the real part is nonorientable), but for nonstandard double point a new sphere is 
created or lost in the real part. (This is because the real zero locus of Z: = -z: + Z; + Z; 
in RP3 is 5” x Si and that of Z$ = Z: + z; + zz is S*.) We can now state one of the 
two main results in the paper. 
Theorem 3. Suppose that F(t; x) is a c-equivariant family of algebraic sugaces in CP’ 
and only F(0; x) has a singular point, which is a standard double point. For small real 
numbers r, s with rs < 0, if the genus of the real part of X,. is smaller than that of XS, 
then Y, is diffeomorphic to Y, # cp *. In particular Y, is always nonspin. 
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Proof. Without loss of generality, assume that the double point is a = [ 1 , 0, 0, 0] E CP”. 
Then as above through a c-equivariant coordinate change 
F(t; z) = 0 & tz; = -x; + x; + x: 
in a neighborhood N of (0; a). By resealing one can assume that [- 1, l] x U c N, 
where U = {y E C’ 1 ]/y/1] < 2) (using affine coordinates), and it is enough to show 
Y-i G’ Yi # CP’ to prove the theorem. 
Since there is no singular point other than a, Xt\U 
Hence Yi \K+ Z Y_ 1 \K_, where K* is the quotient of 
under the conjugation. It remains to examine K*. 
First one can show that iVf* are both diffeomorphic 
LZ X-t \U even equivariantly. 
to the total space TS2 of the 
tangent bundle of S2. In fact, M+ is simply the set of solutions to the equations in R6 
-UizIi + WV2 + 213213 = 0, 
where yj = uj + ivj. Such a system of equations can be transformed to the system 
/]w]]2 = ]]z]12 - 1, (w,z) = 0, 1 < 1]z]12 < 5/2 
where w = (-~1, ~2, vs) and z = (VI, 7~2, us), whose solution set is readily seen to be 
the tangent bundle of the 2-sphere S2 = {(z,O) E R’ x R” 1 llzll = 1) in R6. 
Similarly, M_ is given as the solution set of 
IL? - u; - u2 ~-v:+v;+v:= 1, 
-UtV1 + ‘LLzw2 + us213 = 0, 
which can be changed into the system of equations above through a simple transformation. 
Next consider the involutions of on TS2 ” M* inherited from the conjugation 
on Mk. Clearly CT_ acts on S2 by rotating r-angle around the north and south poles, 
and on TS2 the fixed point set Fixa- consists of the two fibres over the poles. Thus 
K_ = TS2/a_ is a R2-bundle on S2 with Euler class e = e(TS2)/2 = 1 (from the 
Chern-Weil formula of cl = e). Furthermore by identifying K- with its open disk 
bundle, the boundary or more precisely the end aK_ is the circle bundle on S2 with 
e = 1, namely the Hopf line bundle. Thus i3K_ 2 5” and K- g CP& i.e., CP2 with a 
disk removed. It follows that Y-t = (Y_l\K_) Up CP; or (Y_l\K_) Us3 @i, where 
the choice of orientations on CP; will be determined below. 
One can easily trace back to see that the induced involution o+ on TS2 2 M+ fixes 
a circle (ui = 0), over whose fibers g+ sends < to -6. Thus K+ Z B4, a 4-ball, 
and YI = (Yt \K+) USZ B4. Since Yi \K+ E Y-1 \K_, the above two glueings give 
either Y-r = Yl # CP’ or Y-1 = Yi # @ 2. To rule out the first possibility notice that 
b;(Yr) = b;(Y-,), h w ere bz(Y*t) is the dimension of a maximal positive subspace of 
H2(Y+i) under the intersection pairing. (As given in the next section, it is not difficult to 
prove that bz (Yt ) and b2f(Y_r) both equal the geometric genus of the complex surface 
xt.1 0 
The case of a nonstandard double point has a new feature, as the boundaries of K* 
are not s” and the surgery is no longer given by connected sums. We need to define 
such a surgery operation. Let T4 be the orientable disk bundle over S2 with Euler class 
e = 4 and Ni be the nonorientable disk bundle of the tangent bundle of RP2 (with Euler 
number 1). Then as bases of 4-fold coverings of the Hopf line bundle S3 -+ S2, the 
circle bundles aT4, ~NI g L(4, 1) = S’/Z 4, where L(4,l) denotes a lens space. (A 
related lucid discussion is contained in Lawson [9].) 
Definition 4. Suppose that a 4-manifold 2 can be written as Y UL(~,,) T4. then we call 
the operation 2 + Y UL(~,,) N1 to be an N-surgery. 
In other words, an N-surgery first splits T4 then glues back iVt. Since zt(N,) = Z2, 
the N-surgery can change the fundamental group of a manifold. (The letter N means 
nonstandard in this sense.) 
Theorem 5. Suppose all conditions in Theorem 3 are satisfied, except that F(0; x) has a 
nonstandard double point. Then the quotient Yt is changed by N-surgery when t passes 
through 0. 
Proof. We outline the proof, which is similar to the proof of Theorem 3. Without loss 
of generality, one can again assume that F = 0 is given by txg = xi + xz + x$ near 
the nonstandard double point [l, 0, 0, 01. It is then enough to identify the quotients L+ 
of N* = {y ( yf + yi + y_+ = +l and ((y(( < 2) under the conjugation. 
As in the proof of Theorem 3, through TS2 2 H+, the conjugation acts on TS2 by 
rotating all fibres a 71 angle; therefore the quotient L+ is a bundle on S2 with Euler 
number twice of that of TS2, namely 4. Thus L+ ” T4. Similarly via TS2 % H-, 
conjugation acts freely on TS2 and as the antipodal map on the base S2, the quotient is 
thus the tangent bundle of RP2, namely Nl introduced above. So Yi = (Yl\L+) U T4 
and Y-1 = (Y-l\L_l) U Nl, that is, Yi is changed into Y-1 under the N-surgery. 0 
There are a couple of examples explaining the N-surgery. A basic one is the family of 
quadric surfaces F(t; x) = txi + xy + xi + xi: it is not difficult to check that for t < 0 
the quotient Yt is cp2 and for t > 0, Yt is S2 x S2/~e where ae(u, V) = (-u, -v). 
Using the language of N-surgery, this says that we cut T4 from a2 = pi U~(4,i) T4 
(see Lawson [9]) and paste back Nt so get El uL(~,I) N1 which is indeed S2 x S2/oo. 
A more subtle example of N-surgery is a real K3 surface. By Proposition 1 above, there 
is a real degree four polynomial F such that the corresponding quotient F-‘(O)/conj 
is CP2 # 10e2 with real part S2. Such a polynomial can be deformed, via one double 
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point, into a real polynomial with empty real part, therefore giving the Enriques surface as 
quotient. Thus the N-surgery in this case changes CP*# 1OCP’ into the Enriques surface. 
Since the Enriques surface can be identified with the Dolgachev surface D2,2, the N- 
surgery here is realized as first splitting off a @ * from CP*# lo@ 2 and then composing 
with the (2,2)-logarithmic transform on the elliptic surface CP* # 9CP * to get 02,~. 
These examples show that N-surgery can indeed change manifolds substantially, e.g., 
fundermental groups. It appears interesting to investigate such surgery in some details. 
Also according to Hodgeson and Rubinstein [6], the diffeomorphism group of L(4, 1) 
up to isotopy is Zz (which send 1 E Z4 = ~1 (L(4,l)) to 1 or -l), thus there are two 
ways to glue T4 and Nt. It is not clear to the author how they affect the surgery. 
3. Other related constructions 
Take X to be the covering of CP* branched over the zero locus of a real polyno- 
mial f(za, 21, ~2) of even degree. Then lifting the conjugation on CP* endows X with 
two antiholomorphic involutions. For degree up to six, where the classification of real 
algebraic curves f-’ (0) 1s available, one concludes that the quotients of X under these 
involutions are standard, namely S4, S* x S* or connected sums of CP* with its reverse. 
More generally for higher degree, Akbulut [l] has proved that the quotients are again 
standard if the real part f-’ (0) n RP* consists of i deg f number of concentric circles in 
RP*. With the help of the analogues of Theorems 3 and 5, one would extend this result 
to other cases, see [I]. 
There is an immediate extension for the construction above. Instead of CP*, one can 
start with any complex surface 2 with antiholomorphic involution. If C c 2 is any 
complex curve invariant under the involution, generating a homology class divisible by 
2 in H2(2, Z), then the covering of 2 branched over C inherits two antiholomorphic 
involutions. The point is that with a simple 2 such as CP2 or CP’ x CP’ , one can arrive 
at extremely complicated branched coverings together with antiholomorphic involutions, 
by deforming the complex curve C. It is a subtle issue what Kahler metrics the branched 
covering inherits from 2. (For the case of CP* over real algebraic curves, there is a 
canonical choice for the branched covering which has a natural Kahler structure.) 
In general, the following proposition explains in one way why quotients of Kahler 
surfaces under antiholomorphic involutions are interesting objects: 
Proposition 6. Suppose X is a Kiihler surface with an antiholomorphic and metric- 
preserving involution o. If the real part C = Fix c is orientable with genus bigger than 
1, then except the case bz (X) = 3, the quotient smooth manifold Y = X/o never admits 
a compatible KSihler structure. 
Proof. Let T, N be respectively the tangent and normal bundles of z in X. Then 
x(C) = cl(T) and cl(N) = C 0 C (selfintersection). One can easily verify that by 
restricting to TX 1 c = T 6~ N, the almost complex structure on X induces an orientation- 
reversing isomorphism T + IV. Thus cl(T) = -cl (IV) and hence x(C) = -C 0 C. 
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Since the projection p: X + Y is a double cover branched over C’ = p(C), the 
following formulae are familiar: 
x(X) = 2x(Y) - x(C), T(X) = 27(Y) - c 0 c, 
where X and T stand for Euler characteristic and signature respectively. See [2] and [5]. 
Also a simple application of Hodge decomposition shows that bi (X) = 2bi (Y). One can 
then verify directly that bz (X) = 1 + 2bz (Y), f rom these formulae and x(C) = -C o C 
showed above. In other words b:(Y) equals the geometric genus of X (so independent 
of a). 
Since b;(X) # 3, b:(Y) # 1. S o either b;(Y) is even, in which case Y can not have 
Kahler structures by Hodge decomposition, or bl (Y) is odd and bigger than 1, in which 
case Y still can not have Kahler structures by the following argument. As showed above, 
C’ 0 C’ = 2c 0 c = -2X(C) > -X(C), namely C’ o C’ > -X(C’). This inequality 
for the surface C’ in Y violates the conclusion of the main theorem of Kronheimer 
and Mrowka [7]. Therefore the key assumption for the nonvanishing of the Donaldson 
invariant is not satisfied for Y. (The other assumptions in their theorem are obviously 
satisfied: C’ o C’ > 0, bz (Y) > 1 is odd.) Once the Donaldson invariant of Y vanishes, 
a theorem of Donaldson [3] implies that Y does not admit Kahler structures. 0 
We have seen in Proposition 1 that the quotients of K3 surfaces under antiholomorphic 
involutions are actually rational complex surfaces. So the assumption b;(X) # 3 can 
not be dropped in the theorem above. 
The situation here is of course in sharp contrast with quotients under holomorphic 
involutions, where for typical cases such as algebraic surfaces, the quotients always have 
Kahler structures. 
Proposition 6 covers abundant examples. For instance any even degree real algebraic 
surfaces in CP’ and coverings of CP* over any curves of degree 2(1 + 2d) all satisfy 
the conditions in Proposition 6. (The restrictions on the degree guarantee that the fixed 
point set is orientable.) Therefore none of the quotients from these Kahler manifolds 
have Kahler structures, and it would be very interesting to see whether these quotients 
can actually be decomposed into connected sums. 
Finally we propose another construction which may also lead to non-Kahler 4- 
manifolds. Take any Kahler surface with antiholomorphic involution. Suppose the real 
part generates a homology class divisible by two, then we can take the covering space 
branched over the real part. Such a branched covering appears to be interesting to study. 
For example the branched covering of CP* # @ 2 over the standard RP* # RP2 is the 
Hopf surface S’ x S’, which does not admit any Kahler structures again! 
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